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STABILITY INDEX FOR ALGEBRAS WITH INVOLUTION
VINCENT ASTIER AND THOMAS UNGER
Abstract. In earlier work we developed the theory of signatures of hermitian
forms over algebras with involution with respect to orderings on the base field
of the algebra and obtained in particular that the total signature of a hermitian
form is a continuous function from the space of orderings of that field to Z.
In this note we give another presentation of signatures and also introduce and
study the stability index of algebras with involution.
1. Introduction
Let F be a field of characteristic not two with space of orderingsXF andWitt ring
W (F ). Let C(XF ,Z) denote the ring of continuous functions from XF (equipped
with the Harrison topology) to Z (equipped with the discrete topology). The
Sylvester signature signP : W (F ) → Z at a given ordering P ∈ XF gives rise
to the well-known exact sequence
(1.1) 0 // Wt(F ) // W (F )
sign
// C(XF ,Z) // S(F ) // 0,
where S(F ) denotes the stability group of F and Wt(F ) the torsion part of W (F ).
Exactness at W (F ) is Pfister’s local-global principle. Furthermore, Wt(F ) and
S(F ) are 2-primary torsion groups, cf. [5, §1].
In [1] and [2] we developed the theory of signatures of hermitian forms over F -
algebras with involution with respect to orderings on F and obtained in particular
that the total signature of a hermitian form is a continuous function from XF to Z.
In this paper we give another presentation of these signatures and use them to
introduce and study the stability index of algebras with involution. We show that
the resulting stability group is 2-primary torsion and obtain, using Pfister’s local-
global principle for hermitian forms ([12, Theorem 4.1] and [13, Theorem 5.1]), an
exact sequence that extends (1.1) to Witt groups of algebras with involution, cf.
Theorem 4.10.
2. Notation
We give an overview of the notation used in this paper and refer to the standard
references [9], [10], [11] and [14] as well as [1] and [2] for the details.
For a ring A and an involution σ on A, we denote the set of symmetric elements
of A with respect to σ by Sym(A, σ) = {a ∈ A | σ(a) = a}. For ε ∈ {−1, 1} we
write Wε(A, σ) for the Witt group of Witt equivalence classes of ε-hermitian forms
h : M ×M → A, defined on finitely generated projective right A-modules M . We
drop the subscript ε when ε = 1.
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For an ordering P ∈ XF we denote by FP a real closure of F at P . By an F -
algebra with involution we mean a pair (A, σ) where A is a finite-dimensional simple
F -algebra with centre a field Z(A), equipped with an involution σ : A → A, such
that F = Z(A) ∩ Sym(A, σ). Observe that dimF Z(A) =: κ 6 2. If A is a division
algebra, we call (A, σ) an F -division algebra with involution. Note that after scalar
extension from F to FP , A may decompose into the direct product of two central
simple FP -algebras. By [10, Proposition 2.14] we may assume that σ ⊗ FP is the
exchange involution in this case.
When κ = 1, we say that σ is of the first kind. When κ = 2, we say that σ
is of the second kind (or of unitary type). Note that σ|Z(A) is the non-trivial F -
automorphism of Z(A) in this case. Assume κ = 1. Then dimF A = m
2 for some
m ∈ N and σ is either of orthogonal type (if dimF Sym(A, σ) = m(m + 1)/2) or of
symplectic type (if dimF Sym(A, σ) = m(m− 1)/2).
It follows from the structure theory of F -algebras with involution that A is
isomorphic to a full matrix algebra Mn(D) for a unique n ∈ N and an F -division
algebra D (unique up to isomorphism) which is equipped with an involution ϑ of
the same kind as σ, cf. [10, Theorem 3.1].
Let (A, σ) and (B, τ) be F -algebras with involution of the same kind. If A
and B are Brauer equivalent, then (A, σ) and (B, τ) are Morita equivalent, cf. [6,
Example 1.4].
All forms in this paper are assumed to be non-singular and are identified with
their Witt equivalence classes. We write + for the sum in bothW (F ) andWε(A, σ).
The group Wε(A, σ) is a W (F )-module and we denote the product of q ∈ W (F )
and h ∈Wε(A, σ) by q · h.
Assume that (A, σ) and (B, τ) are Morita equivalent F -algebras with involu-
tion of the same kind. It follows from [9, Theorem 9.3.5] (for full details, see [7,
Chapitre 2]) that there exists an isomorphismWε(A, σ) ∼=Wεε0 (B, τ), where ε0 = 1
if σ and τ are both orthogonal or both symplectic, and ε0 = −1 otherwise. If σ
and τ are both unitary, then the isomorphism holds for any ε0 ∈ {−1, 1}, cf. [1,
Lemma 2.1(iii)].
In the context of signatures later on (Section 3), we will consider non-trivial
morphisms fromW (A⊗F FP , σ⊗id) to Z and therefore need to know whenW (A⊗F
FP , σ ⊗ id) is torsion, which motivates the following definition.
Definition 2.1. Let (A, σ) be an F -algebra with involution. We define the set of
nil-orderings of (A, σ) as follows
Nil[A, σ] := {P ∈ XF | W (A⊗F FP , σ ⊗ id) is torsion}.
For convenience we also introduce
X˜F := XF \Nil[A, σ],
which does not indicate the dependency on (A, σ) in order to avoid cumbersome
notation. Recall from [1, Corollary 6.5] that Nil[A, σ] and thus also X˜F are clopen
in XF .
For a, b ∈ F×, we denote by (a, b)F the quaternion F -algebra with generators i
and j such that i2 = a and j2 = b.
Let R be a real closed field and let (A, σ) be an R-algebra with involution. It
follows from well-known theorems of Wedderburn and Frobenius and an application
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of Morita theory that W (A, σ) is isomorphic to one of the following Witt groups:
(2.1)
W (R, id) ∼=W±1
(
R(
√−1),−) ∼= W ((−1,−1)R,−) ∼= Z
W−1(R, id) ∼=W±1(R×R, ̂) ∼=W±1((−1,−1)R × (−1,−1)R, ̂) ∼= 0
W−1
(
(−1,−1)R,−
) ∼= Z/2Z
where − denotes conjugation and ̂ denotes the exchange involution, cf. [1, Lem-
ma 2.1 and §3.1]. (Note that we inadvertently omitted dealing with the case
((−1,−1)R × (−1,−1)R, ̂) in [1, §3.1]. Since W±1((−1,−1)R × (−1,−1)R, ̂) ∼= 0,
this omission does not affect our reasoning or our results in [1].)
Proposition 2.2. Let (A, σ) be an F -algebra with involution.
(1) We have
Nil[A, σ] := {P ∈ XF |W (A⊗F FP , σ ⊗ id) is isomorphic to 0 or Z/2Z}.
(2) Let (B, τ) be an F -algebra with involution such that A and B are Brauer equiv-
alent and σ and τ are of the same type. Then Nil[B, τ ] = Nil[A, σ].
(3) Let L be an algebraic extension of F and let P ∈ XF . For every extension Q
of P to L we have Q ∈ Nil[A⊗F L, σ ⊗ id] if and only if P ∈ Nil[A, σ].
(4) Let P ∈ XF . Then P ∈ Nil[A, σ] if and only if any morphism from W (A ⊗F
FP , σ ⊗ id) to Z is identically zero.
Proof. (1) Let P ∈ XF . The statement follows from considering the list (2.1) with
R = FP .
(2) Let P ∈ XF . By the assumption and Morita theory, W (A⊗F FP , σ ⊗ id) ∼=
W (B ⊗F FP , τ ⊗ id).
Statement (3) follows from the observation that (A ⊗F L) ⊗L LQ ∼= A ⊗F FP
and (4) follows from [12, Theorem 4.1]. 
We remark that by Proposition 2.2 our exposition of nil-orderings in this paper
is equivalent to those in [1] and [2].
Definition 2.3. Let (D,ϑ) be an F -division algebra with involution and let P ∈
XF . We say that (D,ϑ) is (F, P )-real (or simply F -real in case F has a unique
ordering) if
(D,ϑ) ∈ {(F, id), (F (
√
−d),−), ((−a,−b)F ,−)},
where a, b, d ∈ P and − denotes conjugation.
Lemma 2.4. Let (D,ϑ) be an F -division algebra with involution such that degD 6
2 and let P ∈ XF . The following statements are equivalent:
(1) (D,ϑ) is (F, P )-real;
(2) (D ⊗F FP , ϑ⊗ id) is FP -real;
(3) P 6∈ Nil[D,ϑ].
Proof. (1)⇒(2) is clear. (2)⇒(3): W (D ⊗F FP , ϑ⊗ id) is not torsion by (2.1) and
thus P 6∈ Nil[D,ϑ]. (3)⇒(1): since degD 6 2, this follows from an examination of
(2.1), Definition 2.3 and Proposition 2.2(1). 
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3. Signatures Revisited
We give a self-contained presentation of signatures of hermitian forms in the
following paragraphs, using results obtained in [1] and [2] (where we called them
H-signatures).
Let (A, σ) be an F -algebra with involution and let P ∈ X˜F . Using Proposi-
tion 2.2(1), Lemma 2.4 and (2.1) we obtain the sequence of group morphisms
(3.1) W (A,σ)
rP
// W (A⊗F FP , σ ⊗ id)
µP
// W (DP , ϑP )
ρP
// W (FP )
sign
// Z,
where rP is the canonical extension of scalars map, (DP , ϑP ) is an FP -real division
algebra with involution which is Morita equivalent (via scaling and collapsing, see
[1, Section 2.4]) to (A ⊗F FP , σ ⊗ id), µP is an isomorphism induced by Morita
theory, ρP is defined by ρP (h)(x) := h(x, x) for all h ∈ W (DP , ϑP ) (cf. [8]) and
sign is the usual Sylvester signature of quadratic forms at the unique ordering of
FP .
Following [4] we would like to use the map defined by (3.1) from W (A, σ) to
Z as our definition of signature. However, a different choice of the map µP may
result in a sign change (and can always be used to induce a sign change), so that
both the map defined by (3.1) and its opposite give possible signatures, cf. [1,
§3.2]. It is tempting to fix the sign by choosing µP such that the hermitian form
〈1〉σ is mapped to a positive integer, as in the quadratic forms case. This is not
always possible though since there are instances where 〈1〉σ is mapped to zero, cf.
[1, Remark 3.11].
In [2, Proposition 3.2] we showed that there exists a hermitian form η ∈W (A, σ)
such that for all P ∈ X˜F ,
(3.2) sign(ρP ◦ µP )(η ⊗ FP ) 6= 0.
We call η a reference form for (A, σ). (In [1] we used a tuple of forms, rather than
one form.)
The purpose of the next definition is to use the form η instead of the form 〈1〉σ
in order to select the signature map that sends η to a positive integer.
Definition 3.1. Let η ∈ W (A, σ) be a reference form for (A, σ), let h ∈ W (A, σ),
let P ∈ X˜F , let ℓ = dimFP DP and let δηP ∈ {−1, 1} be the sign of sign(ρP ◦µP )(η⊗
FP ). We define the signature of h at P ∈ XF , signηP h, by
signηP h :=
1
ℓ
δηP sign(ρP ◦ µP )(h⊗ FP )
whenever P ∈ X˜F and signηP h := 0 if P ∈ Nil[A, σ], cf. Proposition 2.2(4).
Remark 3.2.
(1) We showed in [1, §3.3] that signηP only depends on P and η and in [2, §7]
that signatures correspond canonically to a natural class of morphisms from
W (A, σ) to Z.
(2) If L is a finite extension of F , it follows from (3.2) that η ⊗F L is a reference
form for (A ⊗F L, σ ⊗ id). Moreover, if R is an ordering on L that extends
P ∈ XF , then
signη⊗LR (h⊗ L) = signηP h
for all h ∈ W (A, σ).
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(3) Let P ∈ X˜F . If η′ is another reference form for (A, σ), then easy computations
show that
signηP h = δ
η
P δ
η′
P sign
η′
P h
for all h ∈ W (A, σ) and
δηP δ
η′
P = sgn(sign
η′
P η) = sgn(sign
η
P η
′),
where sgn denotes the sign map.
(4) For P ∈ X˜F we have A⊗F FP ∼= Mℓ(DP ) for some ℓ ∈ N and (A⊗F FP , σ⊗ id)
is Morita equivalent to (DP , ϑP ). This is already the case in a finite extension
of F in FP , so there is a finite ordered extension (L,Q) of (F, P ) such that
(A ⊗F L, σ ⊗ id) is Morita equivalent to an (L,Q)-real division algebra with
involution.
(5) Recall from [1, Proposition 3.6] that signηP (q · h) = signP q · signηP h for h ∈
W (A, σ) and q ∈W (F ).
Lemma 3.3. Let P ∈ XF , let (D,ϑ) be an (F, P )-real division algebra with in-
volution and let ℓ = dimF D. Then η = 〈1〉ϑ is a reference form for (D,ϑ), and
considering the group morphism ρ : W (D,ϑ) → W (F ), where ρ(h)(x) := h(x, x),
we have
signηP h =
1
ℓ
signP ρ(h).
Proof. The fact that η is a reference form for (D,ϑ) follows from
XF \Nil[D,ϑ] =


XF if (D,ϑ) = (F, id)
{Q ∈ XF | d ∈ Q} if (D,ϑ) = (F (
√−d),−)
{Q ∈ XF | a, b ∈ Q} if (D,ϑ) = ((−a,−b)F ,−)
.
Note that P 6∈ Nil[D,ϑ] by Lemma 2.4 and consider the diagram
W (D,ϑ)
ρ

rP
// W (D ⊗F FP , ϑ⊗ id) id // W (D ⊗F FP , ϑ⊗ id)
ρP

W (F )
r′P
// W (FP )
sign
// Z
(3.3)
where we used the notation from the sequence (3.1) and r′P denotes extension of
scalars. The square on the left commutes: Let h ∈ W (D,ϑ). Then ρ(h) ⊗ FP =
ρP (h⊗ FP ) since
(ρ(h)⊗FP )(x⊗1) = ρ(h)(x)⊗1 = h(x, x)⊗1 = (h⊗FP )(x⊗1, x⊗1) = ρP (h⊗FP )(x⊗1).
It follows that
signηP h =
1
ℓ
εP sign(ρP ◦ id)(h⊗ FP )
=
1
ℓ
sign ρ(h)⊗ FP
=
1
ℓ
signP ρ(h),
where εP = sgn
(
sign(ρP ◦ id)(η ⊗ FP )
)
= sgn
(
sign(ℓ × 〈1〉)) = 1. 
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Lemma 3.4. Let P ∈ XF and let (D,ϑ) be an (F, P )-real division algebra with
involution. Let η be a reference form for (D,ϑ). The signature map
signηP : W (D,ϑ) −→ Z
is surjective.
Proof. By hypothesis P 6∈ Nil[D,ϑ]. Let h = 〈1〉ϑ. Then signηP h = ±1 by Re-
mark 3.2(3) and Lemma 3.3. 
4. Stability Index of Algebras with Involution
In this section, we fix an F -algebra with involution (A, σ) and a reference form η
for (A, σ). For every h ∈ W (A, σ) we denote by signη h the total signature map from
XF to Z and remark that it is continuous, cf. [1, Theorem 7.2]. If h ∈W (A, σ), we
have signη h = 0 on Nil[A, σ]. Therefore it is convenient to introduce the notation
C˜(XF ,Z) := {f ∈ C(XF ,Z) | f = 0 on Nil[A, σ]}.
Note that C˜(XF ,Z) depends on the Brauer class of A and the type of σ, but
indicating this would make the notation cumbersome. Since (A, σ) is fixed, no
confusion should arise. For P ∈ XF and a field extension L of F , we define
XL/P := {Q ∈ XL | P ⊆ Q}.
Lemma 4.1. Let P ∈ X˜F . Then there exists a hermitian form hP ∈W (A, σ) and
a nonnegative integer ℓP such that sign
η
P hP = 2
ℓP .
Proof. By Remark 3.2 there exists a finite ordered field extension (L,Q) of (F, P )
such that (A ⊗F L, σ ⊗ id) is Morita equivalent to an (L,Q)-real division algebra
with involution. Let Q0 ∈ XL/P . By Lemma 3.4 and [2, Theorem 4.2] there exists
a hermitian form h over (A⊗F L, σ ⊗ id) such that signη⊗LQ0 h = 1. Since XL/P is
finite, there exist a1, . . . , ar ∈ L such that {Q0} = {Q ∈ XL/P | a1, . . . , ar ∈ Q}.
Using the notation from [1, §5.3], let hP := Tr∗A⊗FL
(〈〈a1, . . . , ar〉〉 · h). It follows
from the (hermitian) Knebusch trace formula [1, Theorem 8.1] that
signηP hP =
∑
Q∈XL/P
signη⊗LQ
(〈〈a1, . . . , ar〉〉 · h)
= 2r signη⊗LQ0 h
= 2r. 
Lemma 4.2. There exists a hermitian form h0 ∈ W (A, σ) and a nonnegative
integer k0 such that sign
η
P h0 = 2
k0 for every P ∈ X˜F .
Proof. By Lemma 4.1, for every P ∈ X˜F there exists ℓP ∈ N ∪ {0}, UP clopen in
X˜F containing P , and hP ∈W (A, σ) such that signη hP = 2ℓP on UP (simply take
UP = (sign
η hP )
−1(2ℓP )).
Therefore X˜F =
⋃
P∈X˜F
UP =
⋃n
i=1 UPi since X˜F is compact. By removing the
intersections of the sets UPi we obtain X˜F =
⋃˙r
i=1 Ci where each Ci is clopen and
signη ψi = 2
ℓi on Ci for hermitian forms ψi ∈ W (A, σ), i = 1, . . . , r.
Let qi ∈ W (F ) be such that sign qi is equal to 2si on Ci (for some nonnegative
integer si) and 0 elsewhere, cf. [11, VIII, Lemma 6.10]. Then sign
η(qi · ψi) is
equal to 2si+ℓi on Ci and 0 elsewhere. Taking k0 = max{s1 + ℓ1, . . . , sr + ℓr} and
multiplying qi · ψi by a suitable power of 2, we obtain a form hi ∈ W (A, σ) such
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that signη hi = 2
k0 on Ci and 0 elsewhere. It follows that for h0 := h1 + · · · + hr,
signη h0 = 2
k0 on X˜F . 
Proposition 4.3. Let k0 ∈ N ∪ {0} and h0 ∈ W (A, σ) be such that signη h0 = 2k0
on X˜F .
(1) Let q ∈ W (F ). Then there exists h ∈ W (A, σ) such that sign(2k0q) = signη(h)
on X˜F .
(2) Let f ∈ C˜(XF ,Z). Then there exists n ∈ N such that 2nf ∈ Im(signη).
Proof. (1) We take h = q · h0.
(2) We know that there exists m ∈ N ∪ {0} such that 2mf = sign(q) for some
q ∈W (F ), cf. [11, VIII, Lemma 6.9]. Then 2m+k0f = signη(q · h0). 
Definition 4.4.
(1) We define stη(A, σ) to be the smallest nonnegative integer k such that
2k · C˜(XF ,Z) ⊆ Im(signη)
if such an integer exists, and infinity otherwise.
(2) We define Sη(A, σ) to be the cokernel of the total signature map
signη :W (A, σ) → C˜(XF ,Z).
The following corollary follows immediately from Proposition 4.3.
Corollary 4.5. The group Sη(A, σ) is 2-primary torsion, and its exponent is
2st
η(A,σ) (with the convention that 2∞ =∞).
Proposition 4.6. Let η′ be another reference form for (A, σ). Then Sη(A, σ) ∼=
Sη
′
(A, σ). In particular stη(A, σ) = stη
′
(A, σ).
Proof. By [2, Proposition 3.3(iii)], there exists f ∈ C(XF , {−1, 1}) such that
signη = f · signη′ . Define
ξ : C˜(XF ,Z) −→ C˜(XF ,Z)/ Im signη
g 7−→ f · g + Im signη
The map ξ is a surjective morphism of groups since f is invertible in C(XF ,Z).
Moreover, g ∈ ker ξ if and only if f ·g ∈ Im signη = f · Im signη′ , so ker ξ = Im signη′
and ξ induces an isomorphism from Sη
′
(A, σ) to Sη(A, σ). 
Definition 4.7. We denote by S(A, σ) a representative of the isomorphism class
of Sη(A, σ) and call it the stability group of (A, σ). We let st(A, σ) := stη(A, σ)
and call it the stability index of (A, σ).
Proposition 4.8. Let h0 ∈ W (A, σ) and k0 ∈ N ∪ {0} be as in Lemma 4.2. Then
st(A, σ) 6 st(F ) + k0,
where st(F ) denotes the stability index of F .
Proof. Assume that st(F ) is finite. Let f ∈ C˜(XF ,Z). Then there exists q ∈W (F )
such that 2st(F )f = sign q, and thus signη(q · h0) = 2st(F )+k0f . 
Proposition 4.9. Let (A, σ) and (B, τ) be two Morita equivalent F -algebras with
involution. Then S(A, σ) ∼= S(B, τ) and st(A, σ) = st(B, τ).
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Proof. It suffices to prove the first part of the statement, but this follows immedi-
ately from [2, Theorem 4.2]. 
The following theorem extends a classical result in quadratic form theory (cf. [5,
(1.6)]) to algebras with involution:
Theorem 4.10. Let (A, σ) be an F -algebra with involution and let Wt(A, σ) denote
the torsion subgroup of W (A, σ). The sequence
0 // Wt(A, σ) // W (A, σ)
signη
// C˜(XF ,Z) // S(A, σ) // 0
is exact. The groups Wt(A, σ) and S(A, σ) are 2-primary torsion groups.
Proof. This follows from [12, Theorem 4.1], [13, Theorem 5.1] and Corollary 4.5. 
Examples 4.11. In each of the examples below, A is a quaternion division algebra.
(1) Let F = R, A = (−1,−1)F and σ quaternion conjugation. Then X˜F = XF
and Im signη ∼= Z ∼= C˜(XF ,Z). Hence S(A, σ) ∼= {0} and st(A, σ) = 0. Note
that st(R) = 0.
(2) Let F = R, A = (−1,−1)F and σ orthogonal. Then X˜F = ∅ and Im signη ∼=
{0} ∼= C˜(XF ,Z). Hence S(A, σ) ∼= {0} and st(A, σ) = 0.
(3) Let F = Q(
√
2), A = (−1,−√2)F and σ quaternion conjugation. Then X˜F
consist of the unique ordering that contains
√
2 and Im signη ∼= Z × {0} ∼=
C˜(XF ,Z). Hence S(A, σ) ∼= {0} and st(A, σ) = 0. Note that st(Q(
√
2)) = 1.
(4) Let F = R((x)), A = (x,−1)F and σ orthogonal. Then X˜F consist of the unique
ordering that contains x and Im signη ∼= 2Z × {0} and C˜(XF ,Z) ∼= Z × {0}.
Hence S(A, σ) ∼= Z/2Z and st(A, σ) = 1. Note that st(R((x))) = 1.
We now consider the total signature signη h of a hermitian form h ∈ W (A, σ).
Since this is a continuous function, there exists a nonnegative integer k such that
2k signη(h) is the total signature of some quadratic form over F . In the next two
results we will show that k can be chosen independently of h.
Lemma 4.12. There exist disjoint clopen subsets U1, . . . , Ut of X˜F and positive
integers n1, . . . , nt such that X˜F = U1 ∪ · · · ∪ Ut and for every h ∈ W (A, σ) and
i ∈ {1, . . . , t}, there exists qi ∈W (F ) such that sign(qi) = 2ni signη(h) on Ui.
Proof. By Remark 3.2, for every P ∈ X˜F there exists a finite ordered field extension
(LP , RP ) of (F, P ) such that (A⊗F LP , σ⊗ id) is Morita equivalent to an (LP , RP )-
real division algebra with involution (DP , ϑP ).
Let SP = {Q ∈ X˜F | Q extends to LP }. By [14, Chapter 3, Theorem 4.4] we
have SP = {Q ∈ X˜F | signQ(Tr∗LP /F 〈1〉) > 0}, where Tr∗LP /F : W (LP ) → W (F )
denotes the Scharlau transfer. The set SP is therefore a clopen subset of X˜F
containing P , and by compactness there are P1, . . . , Pt ∈ X˜F such that X˜F =
SP1∪· · ·∪SPt . It follows that there are disjoint clopen sets Si ⊆ SPi (for i = 1, . . . , t)
such that X˜F = S1 ∪˙ · · · ∪˙St.
Let i ∈ {1, . . . , t} and write S := Si, L := LPi . It suffices to prove the lemma
for S instead of X˜F . Let Q ∈ S and let R ∈ XL/Q. We have morphisms of Witt
groups
W (A⊗F L, σ ⊗ id) µ−→W (D,ϑ) ρ−→ W (L),
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where (D,ϑ) is (L,R)-real (note that R 6∈ Nil[D,ϑ] since Q 6∈ Nil[A, σ] by Propo-
sition 2.2), µ is an isomorphism induced by Morita equivalence and ρ is the map
of Lemma 3.3. Let η0 = 〈1〉ϑ ∈ W (D,ϑ) and let δR ∈ {−1, 1} be the sign of
sign
µ(η⊗L)
R η0. Let h ∈ W (A, σ) be arbitrary. Then, using Remark 3.2, we have
4 signηQ h = 4 sign
η⊗L
R (h⊗ L)
= 4 sign
µ(η⊗L)
R µ(h⊗ L) [by [2, Theorem 4.2]]
= 4 sgn(sign
µ(η⊗L)
R η0) sign
η0
R µ(h⊗ L) [by Remark 3.2(3)]
= 4δR sign
η0
R µ(h⊗ L)
= δR
4
ℓ
signR ρ(µ(h⊗ L)) [by Lemma 3.3]
= δR signR ϕ,
where ℓ = dimLD ∈ {1, 2, 4} and ϕ := 4ℓρ(µ(h⊗ L)) ∈W (L).
Observe that for every R ∈ XL/Q, signµ(η⊗L)R η0 6= 0 since η0 is a reference form
for (D,ϑ). Since XL/Q is finite, there is a finite tuple a¯Q of elements of L of length
ℓQ such that H(a¯Q)∩(XL/Q) contains only one ordering RQ (where H(a¯Q) denotes
the Harrison set defined by a¯Q). In particular∑
R∈XL/Q
sign
µ(η⊗L)
R (〈〈a¯Q〉〉 · η0) = 2ℓQ signµ(η⊗L)RQ η0 6= 0.
Define ϕQ := 〈〈a¯Q〉〉 · ϕ. Then, by the (quadratic) Knebusch trace formula [14,
Chapter 3, Theorem 4.5],
signQ(Tr
∗
L/F ϕQ) =
∑
R∈XL/Q
signR ϕQ = 2
ℓQ signRQ ϕ = 2
ℓQ+2δRQ sign
η
Q h.
Therefore the clopen subset of XF
UQ := (sign(Tr
∗
L/F ϕQ)− 2ℓQ+2δRQ signη h)−1(0)
contains Q, and thus S =
⋃
Q∈XF
UQ. Since S is compact we obtain S = UQ1 ∪
· · · ∪ UQr for some Q1, . . . , Qr ∈ S, and for every Q ∈ UQj :
2ℓQj+2δRQj sign
η
Q h = signQ(Tr
∗
L/F ϕQj ),
and thus
2ℓQj+2 signηQ h = signQ(δRQjTr
∗
L/F ϕQj ).
Since δRQjTr
∗
L/F ϕQj ∈ W (F ), the result follows by taking clopen sets Uj ⊆ UQj
such that S = U1 ∪˙ · · · ∪˙Ur. 
Theorem 4.13. There exists n0 ∈ N ∪ {0} such that for every h ∈ W (A, σ) there
exists qh ∈W (F ) with 2n0 signη h = sign qh.
Proof. We use the terminology of Lemma 4.12. Let r := n1 + · · · + nt. Then
for every h ∈ W (A, σ) and every i ∈ {1, . . . , t} there exists qi ∈ W (F ) such that
sign qi = 2
r signη h on Ui.
Also, there exist m ∈ N ∪ {0} and, for every i ∈ {1, . . . , t}, some pi ∈ W (F )
such that sign pi = 2
m on Ui and sign pi = 0 on XF \ Ui. Therefore sign(piqi) =
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2m sign qi = 2
m+r signη h on Ui and sign(piqi) = 0 on XF \ Ui, and we obtain for
i = 1, . . . , t,
sign(p1q1 + · · ·+ ptqt) = sign piqi on Ui
= 2m+r signη h on Ui
and thus
sign(p1q1 + · · ·+ ptqt) = 2m+r signη h on XF
(note that by construction the quadratic form p1q1 + · · ·+ ptqt has zero signature
on Nil[A, σ]). 
Definition 4.14. We define
Wred(A, σ) := W (A, σ)/Wt(A, σ) ∼= signη(W (A, σ)) ⊆ C˜(XF ,Z)
and call it the reduced Witt group of (A, σ).
In order to compare reduced hermitian forms and reduced quadratic forms, we
also introduce
W˜red(F ) := {q ∈Wred(F ) | sign q = 0 on Nil[A, σ]}.
Observe that Wred(A, σ) is a Wred(F )-module and also a W˜red(F )-module in the
natural way.
Proposition 4.15. Let h0 ∈W (A, σ) and k0 ∈ N∪{0} be such that signη(h0) = 2k0
on X˜F (cf. Lemma 4.2). With notation as in Theorem 4.13, the maps
W˜red(F ) −→Wred(A, σ), q 7−→ qh0
and
Wred(A, σ) −→ W˜red(F ), h 7−→ qh
are well-defined injective morphisms of Wred(F )-modules.
Proof. Identifying Wred(F ) and Wred(A, σ) with the images of sign and sign
η, we
see that the first map is simply multiplication by 2k0 .
The second map is well-defined because h1 = h2 in Wred(A, σ) is equivalent to
signη h1 = sign
η h2, which implies sign qh1 = sign qh2 , so qh1 = qh2 in W˜red(F ). It
is also easy to check that it is an injective morphism of Wred(F )-modules. 
We finish this paper by pointing out some difficulties that need to be overcome
in order to further the study of the stability index of algebras with involution.
In the quadratic form literature one can find important links between the stability
index of the field F and the powers of the fundamental ideal In(F ), which crucially
depend on Pfister forms (see for example [5, Satz 3.17]). Although it is possible to
define I(A, σ) as the submodule of forms of even rank in W (A, σ) (cf. [3, §2.2] or
[7, §3.2.1]), the lack of a tensor product of hermitian forms in general is a serious
obstacle to the development of analogous concepts and connections for Witt groups
of algebras with involution.
Another issue is the following: the quadratic Pfister form 〈1, a〉 has signature
2 on H(a) and signature 0 on H(−a), which is a fundamental observation when
considering st(F ). In contrast, this behaviour cannot in general be replicated with
hermitian forms since the signature of the form 〈1〉σ may not be constant and in
addition may take values which are not in {−1, 1}.
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